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NEW ANALYTICAL SOLUTIONS OF THE SITNIKOV PROBLEM

MIR ABBAS JALALI

Mechanical Engineering Department, Division of Applied Mechanics
Sharif University of Technology, P.O. Box 11365-9567, Azadi Avenue., Tehran, Iran.

Summary

Sitnikov’s problem is one of the non-integrable problems in celestial mechanics that represents a
rectilinear motion in the restricted problem of three bodies. Two egual primary masses (my and
m2) move on two coplanar elliptical orbits of eccentricity e, 0 < e < 1, about their barycentre while
a third infinitesimal body moves on a line perpendicular to the motion plane of the first two masses
and going through the center of mass.

This non-conservative Hamiltonian system has been studied for regular and stochastic motions
by various mathematical methods. Sitnikov (1960) proved that bounded oscillatory motion exists
for e>0. Such solutions were generated by Hagel (1992) using a perturbation technique which
provides acceptable results in short time intervals. Hagel’s approach provides no insight about the
periodic motions for non-zero eccentricities. In an extensive work, Moser (1973) showed that in the
vicinity of escaping solutions, transverse intersections of stable and unstable manifolds yields
chaotic behavior. Explicit representations of Moser’s theory were developed by Jie Liu and Yi-Sui
Sun (1990) through the use of special discrete mappings. Invariant rotational curves of the problem
were mvestigated by Alfaro and Chirait (1993) through application of the Birkhoff normal form of
an elliptic area preserving mapping. They introduced eccentric anomaly of the primaries as the
independent variable that allowed them to work with high eccentricities. ‘

It is customary to normalize the time so that the period of primaries is 2, the unit of mass so
that my=m»=1/2 and the unit of length so that value of the gravitational constant is one. Since the
primaries rotate around their common center of gravity with period 27, the system will be at 3/2
resonance if undergoes 3n-periodic motion. The present paper deals with the system evolution near
the 3/2 commensurability and provides new analytical insight about the problem.

At first, a rotating coordinate system is_utilized to” handle the short-period structure of the
solutions through the Van der Pol transformation. Then, using the averaging method the original
non-autonomous equations of the motion are transformed to an autonomous system which has the
energy integral. Taking the obtained first integral into account, the reduced system is integrated in
terms of the Jacobian elliptic functiohs to achieve long-period portions of the solutions. Obtained
analytical results are explicit representations of the Poincaré section that have been compared with
accurate numerical answers showing good agreement between the two approaches. Among various
existing tools for chaos exploration, the method of sections has been used to predict stochastic
behavior near hyperbolic saddle points. It 1s shown that at tHe 3/2 resonance, chaotic motion
happens for values of the parameter e less than 0.06 which has not been reported by other
researchers. In the proposed formulation, invariant manifolds are of heteroclinic type that connect
hyperbolic fixed points. The procedure of the current study provides reliable answers for long-time
behavior of the system near resonances.
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